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External fields have a profound effect on the fluctuations of strongly correlated fluids, such as a liquid
crystal. Within a harmonic functional integral approach, we compute the fluctuation-induced force between the
surfaces of a smectic liquid-crystal film under the presence of an ordering field. In particular, we show that for
asymmetrically anchored films, the thermal Casimir interaction energy can be collapsed into a universal form
crossing over from a repulsive to an attractive interaction as the film thickness is increased. We discuss the
possible relevance of this field effect in nematic-smectic wetting transitions.
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The fluctuation modes of a correlated system are known
to be modified by the presence of surfaces and/or external
bodies. The most prominent example of such a phenomenon
is the suppression of fluctuation modes of the electromag-
netic vacuum field between conducting grounded parallel
plates. As a consequence, it gives rise to an effective and
attractive interaction between the plates, namely the Casimir
force [1]. Similar fluctuation-induced interactions also
emerge in classical systems exhibiting thermal fluctuations.
They are particularly important in liquid crystals[2–6],
where the long-range character of this interaction has been
shown to be relevant to several interesting phenomena, such
as wetting and unbinding of fluid membranes.

Liquid crystals are characterized by the presence of ori-
entational order of the constituent molecules which may co-
exist with some degree of positional order[7,8]. In the nem-
atic phase, with pure molecular orientational order, the
thermal Casimir-like force between the surfaces of a slab of
thicknessl decays as 1/l3 [3]. It has an attractive character
for likely boundaries and a repulsive one for mixed boundary
conditions. In the smectic phase, the liquid crystal develops
an additional layered structure. Layer fluctuations, described
by the displacement fieldusr d, induce an effective surface-
surface interaction force decaying as 1/l2. Similar
fluctuation-induced forces have also been identified for the
columnar[3,9], chiral smectic[10], and hexatic[11] phases,
as well as for liquid crystals with rough surfaces[4,12] and
nematic films frustrated by external fields[13]. In this latter
case, the competition between bulk and surface fields gives
rise to a crossover of the surface-surface interaction from
attraction to repulsion as the film thickness increases.

In smectic liquid-crystal films, the decay of the thermal
Casimir force is slower than the usual van der Waals inter-
action and, therefore, it plays a relevant role on wetting tran-
sitions of smectic films[2]. Most experimental set ups result
in smectic films with strong anchoring of their surfaces, thus
leading to an attractive surface-surface interaction. This at-
traction leads to incomplete wetting by the smectic phase,
i.e., the wetted phase can grow only up to a finite thickness.
A possible exception was pointed out in the case of a smectic
film bordered by a nematic liquid crystal. In this case, the
weak nematic-smectic boundary provides the mixed anchor-
ing condition needed for the emergence of a repulsive inter-
action and would promote complete wetting.

External fields that couple to a long-range correlated order
parameter are also able to promote profound modifications in
their fluctuation modes[7,8]. The influence of an applied
magnetic field on the critical behavior of liquid crystals has
been extensively investigated[14–17]. Theoretical and ex-
perimental studies showed that several effects can be associ-
ated with the field influence on the smectic fluctuations
[15–17], which was recently shown to be nonmonotonic with
the average following a universal behavior[18]. Analogous
effects can also be observed for films under an external elec-
tric field once it couples similarly to the smectic layer dis-
placement. In chiral liquid crystals, an electric field applied
in the smectic layer plane can further induce a molecular tilt
(the electroclinic effect), which has been explored in the de-
velopment of electro-optic devices[19,20].

In this Rapid Communication, we will compute the
fluctuation-induced interaction in free-standing smectic
liquid-crystal films under the influence of an ordering field.
Within a quadratic functional approach we will provide the
scaling correction to the free energy as obtained from both
discrete and continuous models of a smectic film. We will be
particularly interested in analyzing the field effect in films
under mixed boundary conditions. In this case, the repulsive
thermal Casimir interaction can be driven to an attractive one
as the field is increased. We will characterize the scaling
properties governing this crossover and discuss the possible
relevance and predictions which can be drawn from these
findings to experimental investigations of the field effect on
nematic-smectic wetting transitions.

In free-standing smectic liquid-crystal films, the interplay
between surface, field ordering, and finite-size effects can be
investigated in great detail. The coupling between the film
and the surrounding fluid is usually represented by a surface-
tension term, which reduces fluctuations in the smectic order
and promotes quasi-long-range order with logarithmically di-
verging fluctuations. For strongly anchored films, the re-
duced fluctuations near the film surface are related to several
anomalous phenomena, such as the existence of smectic
films at high temperatures as compared with bulk samples
[21,22], surface-enhanced ordering, and layer-thinning tran-
sitions [23–26]. Within the harmonic approximation, the
Hamiltonian describing the small layer deformations of a
film with N layers can be written asH=HB+HS+HF, where
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are the bulk, surface, and external field contributions, respec-
tively, anduisr d represents the small displacement of theith
smectic layer from its original equilibrium positionz= id at
point r , with d being the mean layer spacing. The upper
integration limitL is the transversal size of the film and the
lower limit a is a cut-off length of the order of the molecular
diameter.K and B are, respectively, the layer bending and
layer coupling constants.gi si =1,Nd is the surface tension
which penalizes variations in the area of the surface layers
[27]. A characteristic surface tension,gc=ÎKB, delimits the
regimes of weaksg,gcd and strongsg.gcd anchoring. The
above model was introduced by Holyst to compute the x-ray
diffraction pattern for thin smectic-A liquid-crystal films
[28], and further extended by Mirantsev to allow for nonflat
profiles of the elastic constants[29] and the presence of a
solid substrate[30]. The anisotropyxa is usually positive and
therefore an external fieldH (magnetic or electric) applied
perpendicularly to the layer’s plane reinforces the smectic
order by penalizing any in-plane gradient of smectic fluctua-
tions.

The quadratic form of the total Hamiltonian allows for a
direct computation of several thermodynamic properties of
free-standing smectic films in Fourier space. In particular,
the Helmholtz free energy per unit area can be written as

f =
kBT

2
E

2p/L

2p/a d2q

s2pd2 ln detM , s4d

from which trivial extensive contributions were neglected. In
the above expression,M is the dimensionless interaction ma-
trix of the system whose only nonzero elements are
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whereHc=Îgc/axa is a characteristic field andlc=ÎK /B is
a characteristic length scale. For a film of thicknessl with

open boundaries, the total free energy is expected to have the
following functional thickness dependence:

f = l f B + fS+ Dfsld, s8d

where fB represents the bulk contribution to the free energy,
fS is the surface contribution, andDfsld is the effective
fluctuation-induced(Casimir-like) interaction energy. The
Casimir-like contribution to the total free energy can be ex-
tracted by a subtraction scheme within the above discrete
formulation.

In the limit where the number of smectic layersN→` but
with l =sN−1dd finite, a simple expression for the interaction
energy can be obtained from the continuous version of the
model[2]. The eigenmodes are obtained from the differential
equation

dKq4uszd + dxaH
2q2uszd − dB

d2u

dz2 = luszd, s9d

wherez runs from 0 tol. By imposing appropriated boundary
conditions, the eigenmodes can be obtained and the scaling
correction to the free energy can be extracted after the split-
ting of the surface and volume contributions[2,6,11]. After
some algebra, it results in
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whereksqd=Î1+1/alcq
2sH /Hcd2 and

Gi =
2sksqd − gi/gcd − dlcq
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2sksqd + gi/gcd + dlcq
2 + sd/adsH/Hcd2 , s11d

In the absence of an applied external field, the fluctuation-
induced interaction energy between the film surfaces is at-
tractive for likely boundary conditions[2,3], decaying as 1/l.
Strong anchoring configuration on both film surfaces is the
most commonly obtained in experimental set ups where the
smectic film surfaces are in contact with the surrounding gas,
or confined by isotropic liquid or solid phases. The action of
an external field in this case will further reduce smectic fluc-
tuations, but the fluctuation profile remains symmetric and
the attractive nature of the fluctuation-induced interaction re-
mains, although it decays faster as 1/l2 due to the field-
ordering effect[31]. This attractive interaction favors the in-
complete wetting of the smectic film.

An experimental set up for generating mixed boundary
conditions would result in a repulsive long-range interaction
between the film surfaces. This configuration may be ob-
tained in a smectic film bordered on one side by a nematic
liquid crystal once the surface tension at a nemactic-smectic
interface is small[2]. In this case, the fluctuation profile can
be quite asymmetric in the absence of an external field and
the fluctuation-induced interaction becomes repulsive. Such
a condition would favor the complete wetting of the smectic
film with its thickness growing continuously as the bulk tran-
sition temperature is approached. The presence of an external
field under this condition strongly affects the fluctuation-
induced interaction once it acts by reducing the fluctuation
profile asymmetry, thus restoring its attractive character. In
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what follows, we will restrict our analysis to this mixed
boundary conditions case in order to fully characterize the
crossover from a repulsive to an attractive interaction.

In Fig. 1 we plot the fluctuation-induced interaction en-
ergy between the film surfaces as a function of film thick-
ness. The reported data were obtained from both discrete and
continuous formulations. These give rather coincident re-
sults, except by small corrections in the limit of very thin
films. The surface tension at one of the surfaces was chosen
to be null, representing the weak anchoring condition. The
opposite surface was considered strongly anchoring with
gN=3gc. At zero field the interaction energy is repulsive ir-
respective to the film thickness. However, under the action of
a finite field the interaction energy develops a minimum. For
thin films the interaction is still repulsive but becomes attrac-
tive as the film thickness increases. The thicknessjH sepa-
rating both regimes decreases as the applied field increases.
Also the depth of the potential wellDfmin, which acts as an
effective binding energy, becomes more pronounced for
strong fields. In Fig. 2 we analyze the field dependence of
these two parameters characterizing the long-range potential.
Their absolute values depend on the surface tension at the

anchored film surface. However, they exhibit well-defined
scaling laws withjH~1/H2 andDfmin~H2. These data indi-
cate that the potential shall become purely attractive forH
*Hc. The field dependence of the crossover thickness can be
used to drive the repulsive fluctuation interaction of a film
with a fixed thickness to an attractive one. This feature is
shown in Fig. 3, where we plot the Casimir-like force per
unit areaF=−dDf /dl between the surfaces of a film with 40
layers as a function of the external field. Notice that after
crossing to attractive, the force reaches a maximum magni-
tude before starting to exhibit the asymptotic decay.

The well-defined scaling behavior of the relevant charac-
teristics of the fluctuation-induced interaction suggests that it
follows a law of corresponding states after introducing ap-
propriated thickness and energy scales. In Fig. 4 we show the
normalized fluctuation-induced energy as function of a
scaled film thickness for distinct values of the external field.
The collapse of data from different field values indicates that
this Casimir-like interaction is a generalized homogeneous
function of the film thickness and external field, which can
be put in the scaling form

FIG. 1. The fluctuation-induced interaction energy vs film thick-
ness for films under mixed boundary conditions. The external fields
are:H=0 (circles), H=0.05Hc (square), andH=0.1Hc (diamonds).
In all cases, surface tensions areg1=0 andgN=3gc. We used as
typical smectic parameters K=10−6 dyn/cm, B=2.5
3107 dyn/cm2, a=4 Å, and d=30 Å. Solid lines were obtained
from the continuous model. Quantities are in dimensionless units.

FIG. 2. (a) The effective binding energy and(b) characteristic
thickness vs external field. The surface tensions are:g1=0 andgN

=3gc (circles); g1=0 andgN=4gc (squares). Both effective binding
energy and characteristic thickness depend on the anchoring at the
surfaces. They scale asjH~1/H2 andDfmin~H2. All quantities are
in dimensionless units.

FIG. 3. Normalized Casimir-like force vs normalized external
field for a 40-layer film. The surface tensions are the same as those
of Fig. 1. Notice that the nature of fluctuation-induced force
changes from repulsive to attractive with growth of the external
field.

FIG. 4. The normalized fluctuation-induced energy vs normal-
ized film thickness for several values of external fields. The external
field are: H=0.050Hc (circles), H=0.075Hc (squares), H=0.1Hc

(diamonds), andH=0.125Hc (triangles). Notice that the fluctuation-
induced energy has a universal behavior when film thickness is
measured in units of characteristic thickness.
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Dfsl,Hd = H2gslH2d, s12d

where gsxd~1/x for x→0 and gsxd~ s−1/x2d for x→`,
which are the known asymptotic forms of the fluctuation-
induced interaction.

In conclusion, we have shown that the fluctuation-induced
surface-surface interaction of asymmetrically anchored
smectic liquid-crystal films can be driven from a repulsive
character to an attractive one under the action of an external
field. This crossover is due to the predominant ordering ef-
fect of the external field which acts by reducing the fluctua-
tion profile asymmetry. The resulting long-range potential
was shown to follow a law of corresponding states where
data from distinct field values fall onto a universal curve.
The potential depth, which represents the maximum binding
energy of the film associated with the fluctuation-induced
interaction, grows quadratically with the applied field. On
the other hand, the corresponding film thickness of maxi-
mum binding decreases as 1/H2. Our results indicate that the
wetting of a smectic film bordered on one side by a nematic
phase may be driven from complete to incomplete wetting by
increasing the external field, with the thickness of the incom-

plete wetted smectic phase being field controlled. The re-
versed effect, i.e., the field-induced transit from partial to
complete wetting, was previously shown to occur for nem-
atic films [33]. The presently predicted effect can be ob-
served by using either an external magnetic or electric field.
According to the diamagnetic anisotropies and elastic con-
stants of typical liquid crystals, the magnetic field required to
observe the crossover would be above the present experi-
mental limits [29]. On the other hand, the required electric
field in a strongly polar liquid crystal would be of the order
of 105 V/cm, which is well within experimentally achiev-
able values[32]. However, the external field may influence
the anchoring and induce the emergence of additional surface
phase transitions. These effects can compete with the
fluctuation-induced Casimir force. They should be consid-
ered in any experimental set up aiming to probe the predicted
transit from complete to partial wetting of a smectic film
induced by a strong external field.
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